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Abstract
The low temperature adiabatic magnetization of the nanoscopic V15 cluster exhibiting a triangular spin-frustrated VIV
3 array is analyzed within the model that includes isotropic exchange interactions and antisymmetric (AS) exchange. Along with the absolute value of
AS exchange the orientation of the AS vector is shown to play an important physical role in the spin-frustrated systems. We were able to
reach a perfect ﬁt to the experimental data on the stepwise magnetization vs. ﬁeld in the whole temperature range and for the ﬁrst time to
estimate precisely two components of the AS vector, namely, in-plane and the perpendicular parts.
 2006 Elsevier B.V. All rights reserved.

1. Introduction
The cluster anion present in K6 ½VIV
15 As6 O42 ðH2 OÞ
8H2 O (hereafter V15 cluster) was discovered more than 15
years ago [1] and since that time this system attracts continuous and increasing attention as a unique molecular magnet based on an unique structure [2–6]. The reason is that
there are three layers with diﬀerent magnetization containing six, three, and six ions, respectively. Whereas the coupling between the spins in the middle layer causing spin
frustration is very weak the spins in the hexagons are coupled strongly. That has, e.g. been thoroughly discussed in a
recently published important textbook about molecular
magnetism [6]. Studies of the adiabatic magnetization and
quantum dynamics of the V15 cluster with S = 1/2 ground
state showed that this system exhibits the hysteresis loop of
magnetization of molecular origin and can be referred to as
a mesoscopic system [5–11]. As magnetic properties of the
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V15 cluster are inherently related to spin frustration as
mentioned above the manifestations of the AS exchange
interaction – introduced by Dzyaloshinsky [12] and Moria
[13] – are especially important for detailed studies. The
understanding of a special role of the AS exchange in
spin-frustrated systems dates back to the 70s [14]. AS
exchange was shown to result in a zero-ﬁeld splitting of
the frustrated ground state of the half-integer triangular
spin systems, magnetic anisotropy and speciﬁc EPR spectra
[14–26].
In this article we focus on the three-spin model of the
V15 cluster that takes into account isotropic and AS
exchange [27] for the study of the low lying spin excitations. The energy pattern of the system is analyzed and
the approximate expressions for the energy levels are
deduced. Afterwards, it is shown how diﬀerent components
of the AS exchange aﬀect the dependence of magnetization
of the V15 cluster at low temperatures. Finally, the experimental data [28] on the magnetization of V15 vs. ﬁeld at
ultra-low temperature are discussed while it is shown that
the model provides a perfect ﬁt to the experimental data.
It has been concluded that AS exchange interaction is cru-
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cially important for understanding the peculiarities of the
observed low temperature magnetization of the V15 cluster.
2. The model, AS exchange
The molecular cluster V15 has a distinctly layered structure within which ﬁfteen VIV ions (Si = 1/2) are placed in
an arrangement of a central triangle sandwiched by two
hexagons [1,2]. The overall structure of V15 consists of
two hexanuclear VIV
6 spin-paired (at low temperatures) systems with a frustrated VIV
3 triangle in between, resulting in
an S = 1/2 ground state. The three-spin model proposed
and substantiated in Refs. [3,4,6] gives accurate results
for the low lying set of the levels that are populated at
T < 20 K. The isotropic exchange can be described by the
following Hamiltonian:
H 0 ¼ 2J 0 ðS1 S2 þ S2 S3 þ S3 S1 Þ

ð1Þ

with Si = 1/2 and J0 being the parameter of the antiferromagnetic exchange (J0 < 0); we will use a positive parameter J = J0 and the spin functions will be labeled as
|S1S2(S12)S3SMæ ” |(S12)SMæ.
The
energy
pattern
e0(S) = J[S(S + 1)  9/4] includes two degenerate spin doublets with e0(1/2) = (3/2)J and a spin quadruplet with
e0(3/2) = (3/2)J.
The three vectors Dij(ij = 12,23,31) of the AS exchange
interaction associated with the sides ij can be expressed
as Dij = Dlxij + Dtyij + Dnzij where xij and yij are the unit
vectors along and perpendicular to the sides (in plane of
the triangle) and zij is perpendicular to the plane [27].
The Hamiltonian of AS exchange that is invariant in trigonal symmetry can be represented as:
H AS ¼ Dn ð½S1  S2 Z þ ½S2  S3 Z þ ½S3  S1 Z Þ
pﬃﬃﬃ
1
3
½S2  S3 Y
þ Dl ½S1  S2 X  ½S2  S3 X þ
2
2
!
pﬃﬃﬃ
1
3
½S3  S1 Y
 ½S3  S1 X 
2
2
pﬃﬃﬃ
1
3
½S2  S3 X  ½S2  S3 Y
þ Dt ½S1  S2 Y 
2
2
!
pﬃﬃﬃ
1
3
½S3  S1 X  ½S3  S1 Y :
þ
2
2

ð2Þ

Here, the parameter Dn is associated with the ‘normal’
component of AS exchange, Dl and Dt are those for the
‘in-plane’ contributions see Fig. 1.
The AS exchange acts within the (S12)S = (0)1/2, (1)1/2
manifold and gives rise to two Kramers doublets [14,15].
The matrix of the full Hamiltonian H0 + HAS including
also the Zeeman term can be calculated with the aid of
the irreducible tensor operator technique [29–31]. It should
be noted that the normal part of the AS exchange operates
only within four (S12)S = (0)1/2, (1)1/2 states while the

Fig. 1. Scheme of the V15 metal network and spin arrangement in the low
energy region.

in-plane part of AS exchange leads only to a mixing of
S = 1/2 and S = 3/2 levels.
3. Zeeman levels in a perpendicular ﬁeld
In absence of the ﬁeld and in the parallel ﬁeld (HiC3
axis) the system possesses actually axial symmetry that
allows to ﬁnd the analytical expressions for the energy levels [27]. The low temperature single crystal magnetization
experiments [28] are performed in the perpendicular
(H^C3) ﬁeld so that the axial symmetry is broken and
the numerical analysis is required. Nevertheless, in the
important particular case when only normal contribution
of AS exchange is taken into account (Dn 6¼ 0, Dl = Dt = 0)
the exact solution can be found:
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
1
2
e1 ¼ e3 ¼  J 
ðgbH Þ þ 3D2 ;
2
2 qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃnﬃ
3
1
2
e2 ¼ e4 ¼  J þ
ðgbH Þ þ 3D2n ;
2
2
3
1
3
3
ð3Þ
e5;6 ¼ J  gbH ; e7;8 ¼ J  gbH ;
2
2
2
2
where H is the ﬁeld in any direction in the plane, say
H = HX and correspondingly g-factor g ” g^. The levels
ei(H) with i = 1, 2, 3, 4 are related to S = 1/2 while i = 5,
6, 7, 8 are the numbers of Zeeman sublevels for S = 3/2
(with M = «1/2 and M = «1/2) as shown in Fig. 2a in
the case of the isotropic model. The energy pattern for
the case Dn 6¼ 0, Dl = Dt = 0 is shown in Fig. 2b. Three
peculiarities of the energy pattern that are closely related
to the magnetic behavior should be mentioned: (1) the
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Fig. 2. Energy pattern of the triangular vanadium unit in the magnetic ﬁeld applied in the plane (H^C3), J = 0.847 cm1, g = 2: (a) Dn = 0, D^ = 0 (the
energies are denoted as ei0), (b) Dn = 0.3J, D^ = 0, and (c) Dn = 0.3J, D^ = 0.6J.

ground state involving two S = 1/2 levels shows zero-ﬁeld
splitting
pﬃﬃﬃ into two Kramers doublets separated by the gap
D ¼ 3Dn ; (2) at low ﬁelds gbH 6 D the Zeeman energies
are double degenerate and show quadratic dependence on
the ﬁeld:
pﬃﬃﬃ
pﬃﬃﬃ
e1 ¼ e3 ¼  3Dn =2  ðgbH Þ2 =4 3Dn ;
ð4Þ
pﬃﬃﬃ
pﬃﬃﬃ
e2 ¼ e4 ¼  3Dn =2 þ ðgbH Þ2 =4 3Dn :
This behavior is drastically diﬀerent from that in the isotropic model and from the linear magnetic dependence in a
parallel ﬁeld [27] and can be considered as a breaking of
the normal AS exchange by the perpendicular ﬁeld (the effect mentioned in [14], see also references therein); (3) the
magnetic sublevels arising from S = 3/2 (M = 1/2 and
M = 3/2) cross the sublevels belonging to S = 1/2 spin
levels, no avoided crossing points are observed. At high
ﬁeld the levels e1,3 and e2,4 exhibit again linear magnetic
dependence:
3
3D2n 1
 gbH ;
e1 ¼ e3 ¼  J 
2
gbH 2
3
3D2n 1
e2 ¼ e4 ¼  J þ
þ gbH :
2
gbH 2

ð5Þ

One can see that a strong perpendicular ﬁeld restores linear
Zeeman splitting but without zero-ﬁeld splitting so that the
perpendicular ﬁeld reduces the normal part of AS coupling.
When the AS exchange in its general form is involved
(Dn 6¼ 0, Dl 6¼ 0, Dt 6¼ 0) the energy pattern shows new peculiarities (Fig. 2c). The low ﬁeld part of the spectrum is not
aﬀected by the in-plane part of AS exchange and is very
close to that in Fig. 2b due to the fact that the in-plane part

of AS exchange is not operative within the ground manifold and the eﬀect of S = 1/2  S = 3/2 mixing is small at
low ﬁelds due to the large gap 3J  |D^|. At the same time
in the vicinity of the crossing points the eﬀect of the normal
AS exchange is negligible but the in-plane AS exchange
acts as a ﬁrst order perturbation giving rise to the avoided
crossings as shown in Fig. 2c.
In order to obtain three closely spaced low lying levels in
the region of anticrossing ﬁeld we will use the perturbation
theory respectively to the in-plane part of AS exchange and
the basis formed by three eigen-functions of H0 whose
eigen-values have crossing points at gbH = 3J, namely
|(0)1/2, 1/2æ, |(1)1/2, 1/2æ, |(1)3/2, 3/2æ (Fig. 2a). One
can ﬁnd the following expressions for the energy levels
e0i ðH Þ in this region of the ﬁeld:
3
1
e01 ¼  J  gbH ;
2
2 qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
2
e03 ¼ gbH 
ð4gbH  12J Þ þ 18D2? ;
8
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
2
e07 ¼ gbH þ
ð4gbH  12J Þ þ 18D2? ;
8

ð6Þ
ð7Þ
ð8Þ

where the notation D2? ¼ D2t þ D2l is introduced.
4. Temperature and ﬁeld dependence of magnetization-eﬀects
of AS exchange
Let us consider some general features of the ﬁeld dependence of magnetization related to the AS exchange by plotting the results of sample calculations. The most
spectacular aspect is the low temperature limit for which
one can ﬁnd the following expressions for magnetization
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(per molecule) that work well at low ﬁeld (Eq. (9)) and high
ﬁeld in the vicinity of anticrossing of the low lying levels
(Eq. (10)).
g2 b2 H
lðH Þ ¼ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ;
2 3D2n þ g2 b2 H 2
2gbðgbH  3J Þ
lðH Þ ¼ gb þ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ :
2
2ðgbH  3J Þ þ 18D2?

ð9Þ

ð10Þ

Due to the eﬀect of the reduction of the Zeeman interaction
at low ﬁeld by the normal AS exchange the magnetization
in this region of the ﬁeld proves to be induced by the ﬁeld
as follows from Eq. (9). In Fig. 3 we show the ﬁeld dependence of magnetization at T = 0 within the triangular
model.
The parameter J = 0.847 cm1 [28] is used; to make the
illustration more clear we increased the parameters of the
AS exchange.
Fig. 3a shows the ﬁeld dependence of magnetization calculated in the framework of the isotropic model when magnetization exhibits two sharp non-broadened steps, one at
zero ﬁeld and the second one at the ﬁeld H = 3J/gb. This
is just the ﬁeld at which the level with S = 3/2, M = 3/2
crosses the degenerate pair of levels S = 1/2, M = 1/2
(S12 = 0 and S12 = 1) so that the S = 3/2 spin state
becomes favorable against S = 1/2, this can be clearly seen
in Fig. 3a. In Fig. 3b the eﬀect of the normal part of the AS
exchange is illustrated. As one can see the normal part of
AS exchange results in the broadening of the low ﬁeld step
in l(H) meanwhile the high-ﬁeld step remains non-broadened. The broadening of the ﬁrst step is closely related to
the magnetic anisotropy of the AS exchange that gives rise
to a quadratic Zeeman eﬀect in the low perpendicular ﬁeld
(see Fig. 2b). It can be said that the normal part of AS
exchange reduces perpendicular magnetization at low ﬁeld
and allows only second order magnetic splitting and Van

Vleck type paramagnetism [32]. Since the magnetization
is induced by the ﬁeld and does depend on the ﬁeld even
at T = 0 the jump of l(H) acquires a peculiar shape
(Fig. 3b). At the same time the normal AS exchange leaves
the exact crossing of S = 3/2, M = 3/2 level with the lowest component of S = 1/2 that results in absence of the
broadening of the high-ﬁeld step (Fig. 3b). Finally when
both normal and in-plane parts of the AS exchange are
taken into account we obtain broadening of both steps
(Fig. 3c). Now the anticrossing in the region H = 3J/gb
appears due to coupling of S = 1/2, M = 1/2 S = 3/2,
M = 3/2 levels through in-plane AS exchange that obviously gives rise to a smoothed switch from S = 1/2 to
S = 3/2 as shown in Fig. 3c.
5. Temperature and ﬁeld dependence of magnetization of V15
cluster
The low-temperature adiabatic magnetization vs. ﬁeld
applied in the plane of the V3 triangle (H^C3) exhibits steps
whose broadening and shapes are temperature dependent
(Fig. 4). Analysis of the experimental data in [28] has been
performed in the framework of an isotropic model supplemented by quadrupolar anisotropy (JXX = JYY 6¼ JZZ).
Agreement between the calculated curves and experimental
magnetization data proved to be quite good for T = 0.9 K
and 4.2 K but the model fails to explain the data at ultralow temperature. In this view the AS exchange has been
mentioned in [28] as a possible origin of the broadening
of the steps in the magnetization curve.
Modeling of the magnetization curves so far performed
shows that the low temperature behavior of the magnetization vs. ﬁeld is just most sensitive to the AS exchange. In
order to avoid artiﬁcial ﬁtting we adopt the following initial set of parameters: J = 0.847 cm1, g = 1.952, and
D^ = 0.22 cm1. This set of parameters gives the best ﬁt
to the experimental data at very low temperature (0.1 K)

Fig. 3. Magnetization at T = 0 K in the perpendicular ﬁeld for the cases: (a) J = 0.847 cm1, Dn = 0, D^ = 0; (b) J = 0.847 cm1, Dn = 0.3J, D^ = 0; and
(c) J = 0.847 cm1, Dn = 0.3J, D^ = 0.6J.
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6. Conclusion

Fig. 4. Experimental data (from Ref. [25]) and theoretical curves of static
magnetization calculated taking into account the isotropic and AS
exchange interactions (H^C3). Experimental data: circles, T = 0.1 K,
squares, T = 0.3 K, unﬁlled triangles, T = 0.9 K, ﬁlled triangles,
T = 4.2 K. Solid lines, calculated curves with the best ﬁt of the parameters
(see text).

in the shape of the high-ﬁeld step at H  2.8 Tesla corresponding to S = 3/2  S = 1/2 crossing region. In order
to preserve the zero-ﬁeld splitting of spin doublets
D = 0.14 cm1 [33,34] we have used the expression for this
value
containing second order correction D ¼
p
ﬃﬃﬃ
3Dn  D2? =8J (see [27]). Taking this into account we
can get a reasonable initial value of Dn = 0.0851 cm1.
The best ﬁt procedure gives the following set of parameters:
J = 0.855 cm1, g = 1.94, D^ = 0.238 cm1, Dn =
0.054 cm1. The in-plane parameter D^ brings a dominating contribution to the overall AS exchange. This parameter is just responsible for the behavior of the levels in the
anticrossing region H  2.8 Tesla. Fig. 4 shows that the
model that includes AS exchange interaction gives a perfect
ﬁt of ﬁeld dependence of magnetization in the whole range
of ﬁelds for all temperatures including extremely low
temperature.
The least mean square error (MSE) (in l2B ) calculated
for the whole sets of the l(H) curves is found to be
2.3 · 103. The data at 4.2 K are only slightly aﬀected
by AS exchange so this ﬁt is almost insensitive to the
model. In fact, the best ﬁt for 4.2 K in the isotropic model
(at J = 0.86 cm1, g = 1.945) can be obtained with
MSE = 8.38 · 104 which does not exceed signiﬁcantly
the corresponding value (6.97 · 104) in the isotropic
model. The best ﬁt parameters J and g are very close in
both models, which demonstrates low sensitivity of the
theoretical curves to the AS exchange at 4.2 K. On the
contrary, the data at 0.1 K can not be ﬁtted within
the isotropic model (that has been indicated in [28]), but
they are ﬁtted perfectly with the signiﬁcant reduction of
MSE from 6.3 · 103 to 1.7 · 103 when AS exchange is
taken into account.

The experimental data of the low temperature adiabatic
magnetization of the nanoscopic low spin cluster anion V15
present in K6 ½VIV
15 As6 O42 ðH2 OÞ  8H2 O are analyzed as a
function of applied ﬁeld and temperature within the
three-spin model that includes isotropic exchange interaction and AS exchange. It was shown that the AS exchange
plays a crucial role in the understanding of the ﬁeld and
temperature dependence of the adiabatic magnetization
of the V15 single crystals. Furthermore, it was demonstrated that the orientation of the AS exchange vector plays
a special physical role in the magnetic behavior of spinfrustrated systems but not only its absolute value. In fact,
the normal part of the AS exchange aﬀects the low ﬁeld
part of the magnetization but also the in-plane components
gives rise to a peculiar shape of magnetization vs. ﬁeld in
the vicinity of the crossing point of the magnetic sublevels.
The inﬂuence of the AS exchange is most pronounced at
the low temperature (T = 0.1 K). We could reach a perfect
ﬁt to the experimental data on the adiabatic magnetization
vs. applied ﬁeld in the whole temperature range including
ultra-low temperature and for the ﬁrst time to precisely
estimate two components of the AS vector coupling constant. Furthermore, we can conclude that we understand
more about frustrated systems integrated in complex systems. Therefore, we intend to extend this to other complex
systems, e.g. where frustrated systems are interacting like in
{Mo57}{V3}2 [35].
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Phys. Rev. Lett. 84 (2000) 3454.
[8] I. Chiorescu, W. Wernsdorfer, A. Müller, S. Miyashita, B. Barbara,
Phys. Rev. B67 (2003) 020402(R).
[9] S. Miyashita, J. Phys. Soc. Japan 65 (1996) 2734.
[10] H. Nojiria, T. Taniguchia, Y. Ajiro, A. Müller, B. Barbara, Physica B
346–347 (2004) 216.
[11] S. Miyashita, J. Phys. Soc. Jpn. 64 (1995) 3207.
[12] I.E. Dzyaloshinsky, Zh. Exp. Teor. Fiz. 32 (1957) 1547.

366

A. Tarantul et al. / Chemical Physics Letters 428 (2006) 361–366

[13] T. Moria, Phys. Rev. 120 (1960) 91.
[14] B.S. Tsukerblat, M.I. Belinskii, V.E. Fainzilberg, Magnetochemistry
and spectroscopy of transition metal exchange clusters, in: M. Vol’pin
(Ed.), Soviet Sci. Rev. B, Harwood Acad. Pub., 1987, pp. 337–482.
[15] B.S. Tsukerblat, M.I. Belinskii, Magnetochemistry and Radiospectroscopy of Exchange Clusters, Pub. Stiintsa (Rus) Kishinev, 1983.
[16] B.S. Tsukerblat, B.Ya. Kuavskaya, M.I. Belinskii, A.V. Ablov, V.M.
Novotortsev, V.T. Kalinnikov, Theor. Chim. Acta 38 (1975) 131.
[17] M.I. Belinskii, B.S. Tsukerblat, A.V. Ablov, Mol. Phys. 28 (1974) 283.
[18] B.S. Tsukerblat, V.E. Fainzilberg, M.I. Belinskii, B.Ya. Kuyavskaya,
Chem. Phys. Lett. 98 (1983) 149.
[19] B.S. Tsukerblat, B.Ya. Kuyavskaya, V.E. Fainzilberg, M.I. Belinskii,
Chem. Phys. 90 (1984) 361.
[20] B.S. Tsukerblat, B.Ya. Kuyavskaya, V.E. Fainzilberg, M.I. Belinskii,
Chem. Phys. 90 (1984) 373.
[21] V.E. Fainzilberg, M.I. Belinskii, B.Ya. Kuyavskaya, B.S. Tsukerblat,
Mol. Phys. 54 (1985) 799.
[22] B.S. Tsukerblat, I.G. Botsan, M.I. Belinskii, V.E. Faiinzilberg, Mol.
Phys. 54 (1985) 813.
[23] V.E. Fainzilberg, M.I. Belinskii, B.S. Tsukerblat, Solid State Commun. 36 (1980) 639.

[24] V.E. Fainzilberg, M.I. Belinskii, B.S. Tsukerblat, Mol. Phys. 44
(1981) 1177.
[25] V.E. Fainzilberg, M.I. Belinskii, B.S. Tsukerblat, Mol. Phys. 44
(1981) 1195.
[26] V.E. Fainzilberg, M.I. Belinskii, B.S. Tsukerblat, Mol. Phys. 45
(1982) 807.
[27] B. Tsukerblat, A. Tarantul, A. Müller, Phys. Lett. A 353 (2006) 48.
[28] I. Chiorescu, W. Wernsdorfer, A. Müller, H. Bögge, B. Barbara, J.
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